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This study is concerned with the development of pos-
sible models of the internal structure of the earth consistent
with a given set of observed data. A two stage linear pro-
gramming procedure was used together with an assumed para-
meterization to obtain an explicit envelope of possible
shear velocity and density values in the mantle and core.
This envelope is determined separately for oceanic, shield,
and tectonic .regions of the upper mantle. The data used in
this study consist of the mass and moment of inertia of the
earth, periods of free oscillations, including recently
available overtones, regionalized phase and group velocities
of Rayleigh waves, and phase velocities of Love waves. The
results constrain the variations of density and shear velocity
in the lower mantle to within about 1.5% from the center of
the envelope. The density just below the mantle-core boun-
dary was found to lie between 9.79 and 9.86 grams/cc. A
rigid core was needed to satisfy the overtone data with a
shear velocity between 3.35 and 3.52 km/sec. The radius of
the mantle-core boundary was found to lie between 3476.38
and 3486.42 kilometers. Excellent agreement with recent
travel time studies of body waves was found for shear velo-
city in the lower mantle and for the radius of the mantle-
core boundary. Geophysical and petrological interpretations
based on these results are discussed.
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Introduction
The general inverse problem for the earth is concerned
with the attempt to make positive, definitive statements
about possible models of the earth's structure consistent
with a particular set of gross earth data. A model is
specified by the functions density, compressional velocity,
and shear velocity with depth. The set of gross earth
data generally consists of some collection of observations, Oj,
of such things as mass, moment of inertia, travel times of the
body waves, periods of free oscillation, and phase and group
velocities of surface waves. A gross earth functional
(Backus and Gilbert, 1968) is a rule which associates a
given model with a value, C., corresponding to a particular
element, Oj, of the set of gross earth data. A "successful"
model is taken to be one for which the values of all gross
earth functionals lie within a given range,a j, of the cor-
responding gross earth data. Backus and Gilbert (1967) have
shown that the space of successful models is either empty or
of infinite dimension. In this study we will use a collection
of simplifying assumptions, such as discrete parameterization
and first order Taylor's expansion, to reduce the general
inverse problem to a finite dimensioned linear problem. This
reduction is discussed in detail by Backus and Gilbert (1967,
1968, 1970), by Backus (1970a, 1970b, 1970c), and by Wiggins
(1968, 1972). The set of all possible successful models
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within the context of the reduced problem will be systemati-
cally examined using linear programming techniques. Hope-
fully, common features of all successful models will emerge
(e.g., the requirement for a low velocity zone) so that
meaningful statements about the earth's internal structure
can be made.
Two aspects of the discrete, linear inverse problem
for the earth have been singled out for special emphasis.
They are the problems of non-uniqueness and of lateral re-
gional variations in the upper mantle. Non-uniqueness is
concerned with the intrinsic infinite dimensionality of the
general inverse problem as well as lack of precision of the
gross earth data. The problem of infinite dimensionality is
obviated with the assumption of a fixed, discrete parameter-
ization. Parameterization is used here to refer to the set
of depths at which the density, shear velocity, or compres-
sional velocity functions of a model are allowed to vary,
together with a rule for interpolating parameters between
these depths. Non-uniqueness is resolved in terms of this
parameterization by using linear programming procedures to
select particular models from the set of all those possible,
such that the value of one of its parameters at a particular
depth is not less (or not greater) than that of any other
successful model. This model will be called an "extremal"
model with respect to a particular parameter and depth. The
set of extremal models for all parameters and depths can be
thought of as forming an envelope of possible solutions.
Provided the selection of a suitable parameterization has
not been too restrictive, this envelope where it is narrow
dr well-constrained by the data can be used to judge models
formulated on other grounds, such as geochemical, or geologi-
cal ones. Other authors have proposed similar methods in
which an envelope of possible solutions is inferred from a
family of acceptable models. Monte Carlo methods have been
used to this effect by Keilis-Borok and Yanovskana (1967),
Press (1968, 1970a, 1970b), Wiggins (1969), Fairborn (1969),
and Worthington, Cleary, and Anderssen (1972). Senata and
Anderssen (1971a, 1971b) provide probobalistic methods for
determining the reliability of the envelope obtained from a
given set of Monte Carlo solutions. A hedge-hog method has
been used recently by Knopoff (1972) to obtain families of
solution consistent with short period, highly regionalized
surface wave phase velocities.
Lateral variations in the upper mantle were examined
using regionalized data obtained from regression analysis of
great circle paths (Kanamori, 1970; Dziewonski, 1971a). This
is an approximation that has been used in inversions by Press
(1970b), Kanamori (1970), and Dziewonski (1971a).
Because of the improved data for free oscillations that
has recently become available with the inclusion of new over-
tone data and increased precision, this work represents an
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extension and update of the Monte Carlo inversions of Press
(1968, 1970a, 1970b). The envelope of possible solutions
obtained here is identical to that which would be generated
by the Monte Carlo procedure as the number of successful
models satisfying the same set of gross earth data approaches
infinity.
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I. Discrete Linear Inverse Problem
The reduction of the general inverse problem of the
earth to the discrete linear inverse problem consists essen-
tially of the assumption of a fixed, discrete parameteriza-
tion and the expansion of gross earth functionals in terms
of a first order Taylor's expansion about some initial, rea-
sonable earth model based on this assumed parameterization.
This reduction has been carried out by Wiggins (1968) and
this study uses his results. The gross earth functionals
for some model sufficiently "near" the initial model can then
be expressed as:
C C.
C = C E + -P (Pi - Pi) (1)
where C is the value of the jth functional computed exactly
for the initial model, Pi is a model parameter (density,
compressional velocity, or shear velocity) at some depth, and
Pi is the corresponding parameter for the initial model.
The summation is implied over all model parameters. The
meaning of "near" depends upon which functional is being
approximated. For mass and moment of inertia the expansion
is exact. Periods of free oscillation and phase velocities
of surface waves are very nearly linear in terms of the
model parameters so that rather large variations on the order
of 5 - 10% of the parameter value can be tolerated without
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introducing errors greater than about 10% of the observation-
al error in the data. The approximation is invAlid for travel
times of body waves and group velocities of surface waves
except in the immediate vicinity of the initial model.
The parameterization, initial model, and variational
parameters used in this study are those given by Wiggins
(1968). The inner core was modified to have a uniform shear
velocity and the initial periods and variational parameters
were recalculated for those modes affected.
Regionalized upper mantle. Recently available re-
gionalized data for phase and group velocities of surface
waves have made possible a first approximation of the re-
gional variations in the upper mantle. These data have
been obtained for Love waves by Kanamori (1970), and for
Rayleigh waves by Dziewonski (1971a) using regression analy-
sis surface wave velocities along great circle paths. Each
path is divided into oceanic, shield, and tectonic regions.
The phase velocity at a fixed period for a particular great
circle path is written as:
1 O S T
_ = + _- +_
C CO  C C
where Xo is the oceanic fraction of the path, and Co is the
unknown phase velocity appropriate for oceanic regions.
Regionalized phase velocities result when a regression analy-
sis is performed for a large number of great circles with
varying regional fractions. Madariaga (1972) has recently
/I~_~~ _ ~_~^I _ ~j ~II_ I _L__IC~_~~/_II_____I
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questioned the reliability of this method when regional
variations must be expanded in harmonics of order not much
less than the order of the gravest regionalized mode. This
situation exists for tectonic regions, so for this region
the regression results and consequent tectonic models are
subject to serious question. For oceanic and shield regions
the regionalized values should be essentially correct.
Two serious problems are encountered when dispersion
data for a particular region are used in concert with averaged
graver mode data. One problem is conerned with the dis-
continuity that appears when the regionalized surface wave
data are converted to equivalent periods of free oscillation
and then plotted as a function of order number on the same
graph with unregionalized data for graver modes. The dis-
continuity occurring at the juncture of these two bodies of
data can easily be of about the same magnitude as the ob-
servational errors in the data. Since periods calculated
for a liven model for adjacent modes are by no means in-
dependent, the net result is an unwarranted restriction on
the envelope of solutions. Even if this situation is handled
by arbitrarily increasing the observational errors in the
vicinity of the discontinuity, thus throwing away information
content for some depth range in the earth, another serious
obstacle is encountered. Derr (1967) has shown that the
periods calculated for some of the graver modes of free os-
cillations can vary by as much as 1.0% depending upon
I~I__Yl___sl_________I__IILLl___eP
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regional differences in the upper mantle structure used for
the calculation. Since these modes are generally assigned a
tolerance of less than 0.5%, this procedure is equivalent to
a systematic biasing of the graver mode data. This problem
becomes even more acute if overtone data are included in
the inversion.
In this study the problems associated with regionalized
data were circumvented by inverting the three regions simulta-
neously. This was accomplished by replacing all variables
above 650 km in equation (1) by three new variables
Pi = CP oi + CsP si + CtPti
where the subscripts o, s, and t refer to oceanic, shield, and
tectonic regions respectively. The coefficients are taken to
be .67, .23, and .10 when calculating periods of overtones and
non-regionalized fundamental modes. The observed values for
these periods have been obtained from data averaged for the
entire earth, and are therefore sampling an "average" upper
mantle. Values of functionals associated with regionalized
data are calculated by taking the coefficient for that region
as 1.0 and the others as 0. Parameters below 650 kilometers
were not regionalized in this manner. During the inversion
procedure the structures of these three regions varied within
limits primarily imposed by regionalized data, while an
average of these three regional structures was simultaneously
required to satisfy non-regional data. For functionals
associated with average earth data, equation (1) can now
15.
simultaneously be required to satisfy nonregional data. For
functionals associated with average earth data, equation (1)
can now be written
^u ac. i C. 
C.=Cj+E .(.67P o+.23P s+.l0Pti-P)+E (Pi-Pi). (2a)U].p. oi si ti- i T- O. 1i i i 1
The summation notation used here indicates that the sum 7i
is to be taken over all parameters in the upper mantle
(above 650 km), while E indicates summation over all re-
i
maining parameters below 650 km.
For functionals associated with regionalized data,
equation (1) becomes
1 aC. 1 Ac.
C o=C. + Z(P oi-P)-- - + (P. - P )-E-. , (2b)
Oj 1 . . i P.
A u A C. 1 A C.
C .=c. + ((P -3P) +p. and (2c)
s33 i 1 i i
u ac. I aC.
C .=C + E(P ti-Pi )-+ (Pi -Pi-- (2d)TJ J ti 1 . 1 1 3P.
for oceanic, shield, and tectonic regions respectively.
Parameterization and Resolution. The assumptions
involved in selecting a suitable parameterization are basic
to most inversion schemes and represent a compromise between
obtaining realistic, useful solutions and narrowing the
I-LYL-YIYC~n~-~-~ I_ - LL^_~^L~---
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envelope of solutions. As the number of points with depth
at which models can vary is increased, the resolving power
of the data as indicated by the narrowness of the resulting
envelope of possible solutions- decreases. Parameterization
depths must be more closely spaced at depths where models
are expected to change rapidly or where discontinuities
may exist. Wiggins (1968) allowed variations at 87 depths.
This appears to be more than can be allowed by currently
available data. Consequently fewer parameterization depths
were used in this study. Essentially this is equivalent
to smoothing out fine details of the earth structure. As
more data becomes available, the number of parameterization
depths can be increased.
Another useful method for restricting the complexity
of resulting models is to impose fixed, known relationships
between adjacent parameters. An example of this is the
requirement that density in the outer core satisfy the
Adams-Williamson equation for homogeneous, adiabatic con-
ditions. In this way, there is only one free density variable
in the outer core, all others being functionally related
to it.
In this study density was allowed to vary indepen-
dently at the top of the inner core, at the top of the outer
core, at six depths in the mantle below 650 km, and as
averages over two intervals for each of the three regions
of the upper mantle. Additionally, the radius of the core-
17.
mantle boundary was allowed to vary independently. Shear
velocity was fixed in the crust and outer core, density was
fixed in the crust, and compressional velocity was fixed in the
crust and mantle. In the outer core compressional velocity
was allowed to vary at four depths over a range consistant
with most recently proposed models. Density in the liquid
outer core was required to satisfy the Adams-Williamson
equation. In the inner core the density gradient was fixed
in the same manner. Although this last condition is not
strictly true, it was done because free oscillation data
do not constrain density near the center of the earth, so
that this assumption cannot significantly affect the results.
The depth intervals used in the three upper mantle regions
were essentially those found by Dziewonski (1971b). For the
rest of the earth, the parameterization was taken as that
used by Press (1970b) with the addition of a rigid inner core.
Density at depths between parameterization points
can be linearly interpolated. Compressional velocity and shear
velocity must be interpolated exponentially in our procedures.
If Vi is the velocity at some depth, and Vi+1 is the velocity of
the next deeper parameterization point, then velocities
between these two depths are given by the power law
V = Viri-i r i131
where
1~L-1L--~II_~~~_- I~ . L  LIII. .IIY
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In(Vi/Vi+l)i In ( i/ri+
1 i+l
and r is the radius of the i t h parameterization point.
Weighted averages of models. In the discrete linear
inverse problem a weighted average of successful models is
also, of necessity, a successful model. For any two success-
ful models with parameters Pi and P , the values of their
respective gross earth functionals can be written from
equation 1 as
S C.
C = C + (Pi P )  (3)
1 1ac.
C. = C. + E - (P - P.) (4)
1
The parameters of a weighted average model can be written as
P. = CaP + a P. a + oa = 1.0, 0<a< 1.
The gross earth functionals for this model can be written
from equation (1) as
S C.
C. = C. + 3 (aP i + a'P. - P.).3 3 .ap. i 1 1
1 1
YILYI______/___III_11__1*..~__1_11 ..-~..1I.1I~ .. - _
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j ' =aC. + aC. + E -(aP. -aPi)+E--- (c' P.- a P. ) '
1 1
which can be combined with equations (3) and (4) to give:
C.'- = aC. + a'C.
If C. and Cj' both satisfy the observations within the allowed
error, aj, so that oj. - a.< C.< O. +o.and 0. - .< C.' 0. +aj.,
then clearly for all functionals we have o.-a. < C.-' <o.+a.
J J - I - 3 J
and the weighted average model is also a successful model.
This concept will be useful in the next section when the




Linear programming was applied to the discrete
linear inverse problem in a two stage process. During
stage I periods of free oscillations, regionalized surface
wave phase velocities, the mass, and the moment of inertia
were used to find minimum and maximum possible values for
shear velocity and density for each parameterization point
below the M-discontinuity. These minimum and maximum
values were assembled as an explicit Stage I envelope of
possible solutions against which geochemical earth models
could be compared. Within the context of the linear inverse
problem no model exist with the same parameterization, and
satisfying the same data, having values of shear velocity
or density outside this envelope. Each minimum (or maximum)
value comprising the Stage I envelope is associated with
an extremal model (not necessarily unique) with the same
minimum (or maximum) value for that parameter. During
Stage II the extremal models from Stage I were combined with
regionalized group velocity data for Rayleigh waves to
further narrow the envelope for oceanic, shield, and tectonic
regions in the upper mantle. The extremal models making up
the Stage II envelope for any one of the three upper mantle
regions are weighted averages of the ten Stage I extremal
models for that region.
During the remainder of this section, a basic under-
21.
standing of the concepts of linear programming will be
assumed. A simple geometric discussion of linear programming
and an elementary example are given in Appendix I. A
detailed discussion of the implementation of this procedure
on an IBM system 370/155 can be found in Appendix II. A
thorough and rigorous treatment of linear programming is
given by Dantzig (1963).
Method - Stage I. The variables used in this stage
were the model parameters discussed previously. A priori
bounds were placed on those parameters not fixed at constant
values. For all parameters other than those immediately
below the M-discontinuity and compressional velocities
in the core, the a priori bounds were irrelevant and were
only needed to provide a starting point for the linear
programming package.
The system of linear constraints was obtained from
the linear expansion of the gross earth functionals by
requiring that their values agree with observations within
a given tolerance, 6.. This condition can be expressed
Oj-aj < Cj < 0+0a.
Each observation leads to two linear inequalities:
A aC.
C. + Z-- (P - P.) > 0. - a.3 iap i - 3 3i3i
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aC.
C . + (Pi - Pi) < 0. + a.
Collecting constant terms on the right results in
DC., A c. ^
Z 3 P >0. - . - C. + E P (5a)
i 1 ap 1
ac. ac. ^
I Pi < 0. + a - C. + E P (5b)
i i i 1
Terms on the left corresponding to fixed parameters can also
be collected on the right. The equations for mass and
moment were treated similarly, each leading to one equality.
Additional equalities were introduced to enforce the Adams-
Williamson condition in the core, and to restrict densities
and shear velocities in the upper mantle, and shear velocity
in the inner core to constant values over given depth
intervals. Inequalities were also added to insure that
the density gradient in the lower mantle could not assume
geophysically unreasonable values.




When z is minimized by the linear programming system, the
result is a model whose ith parameter is less than (or
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greater with a minus sign) that of any other possible success-
ful model. These extremal models, when this procedure is
applied to all parameters of interest, define the Stage I
envelope of possible solutions tabulated in table 2. The
extremal models are given in table 3.
Method - Stage II. This part of the procedure takes
advantage of the additivity of successful solutions dis-
cussed previously. Stage II was conducted seperately for
each of the three regions of the upper mantle. For each
region, weighted averages of the Stage I extremal models for
that region were required to satisfy regionalized Rayleigh
wave group velocities in addition to Stage I constraints.
If Qik is the ith parameter of the Kth Stage I extremal model,
then the parameters of a weighted average of these models
can be written
P = akQik Eak = 1. (6)
k k
The coefficients, ak , of this weighted average were the
variables used in the Stage II linear programming problem.
Generally the coefficients in a weighted average are taken
to be positive and less than 1.0. If this was required,
the models obtained would be drawn from most but not all
of the possible upper mantle structures allowed by the
Stage I constraints. In hopes of including all possible
24.
Stage I structures, the bounds on the weighting coefficients
were taken as -.3 and 1.2. After the linear programming
procedure is completed, the results are unambiguous if none
of the weighting coefficients is limited by these a priori
restrictions. In this case the bounds could be arbitrarily
increased without effecting the results. This condition
was met for oceanic and shield regions. However, for tec-
tonic regions, the coefficients were limited by the a priori
bounds so that for this region the Stage II results are
uncertain.
The values of the gross earth functionals of a
weighted average of Stage I extremal models can be expressed
similarly as
C3 k akDjk (7)
thwhere Djk is the value of the jth functional calculated for thek thStage I extremal model. Since the Stage II envelope is
already quite narrow, it was found empirically to be possible
to express the group velocity of Rayleigh waves of a
weighted average of Stage I extremal models as a similar
weighted average of their respective group velocities.
Again each imprecise observation leads to two constraints,
this time in the form
IIWY__YILI__^_LII____I ~_^l_-_l.-L
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E akD > O. - r. and
k k jk -j 3
k akDjk < O + a..
k jk -
In addition the equation
E ak = 1.0
k
was included. This single equality replaces all of the
equalities of Stage I.
The set of objective functions used in Stage II
were taken to be
Z = _ E akQik.k
As in Stage I, the minimization of this function leads to
a model whose ith parameter is less (greater with the minus
sign) than that of any other possible successful Stage II
model. The Stage II envelope is tabulated in table 2, and
the associated extremal models are included at the end of
Table 3.
26.
III. DATA AND ASSUMPTIONS
The data and assumptions used to constrain the
solutions are as follows: 1) Successful models were required
to satisfy Kanamori's (1970) regionalized phase velocity
data for love waves and Dziewonski's (1971a) regionalized
phase velocity data for Rayleigh waves. Periods of free
oscillations for overtones and fundamental modes graver than
oS25 or oT23 were required to fit the values given by
Dziewonski and Gilbert (1972) to within .2%. The period for
oS2 was required to agree with that given by Derr (1969)
to within ±4 seconds. Periods and errors used are given in
Table 1. Successful models in Stage II were additionally
required to satisfy Dziewonski's (1971a) regionalized group
velocities for Rayleigh waves. Group velocities were
tested at three modes, oS30, oS36, and oS43. For oceanic
regions the values and errors used were 3.576±.010,
3.534 .008, and 3.547 .016 respectively. For shield regions
+ +
these values were taken to be 3.604-.018, 3.608-.014, and
+ +3.669-.028; and for tectonic regions they were 3.707-.022,
3.665±.017, and 3.611±.035.
2) Compressional velocities in the mantle were
fixed at values determined by Johnson (1967) using body wave
travel time and dT/dA data for shields. Suitable modifica-
tions were made in the crust and upper mantle appropriate
for oceanic and tectonic regions. Although the procedures
27.
described could allow variations in compressional velocity,
it is not required as compressional velocities in the mantle
are already highly constrained by body wave data. In
addition, Worthington, Cleary, and Anderssen (1972) have
demonstrated that the variation of compressional velocities
in the mantle have minimal effect on the resulting envelope
of successful models. Compressional velocity in the outer
core was allowed to vary between fixed limits at four depths.
These limits were taken to be 8.00-8.30 km./sec. at the top
of the outer core, 8.95-9.07 km./sec. at 3471. km., 9.40-
9.50 at 3871. km., and 10.0-10.45 km./sec. at 5118. km. just
above the inner core boundary. In the inner core compressional
velocity was fixed at 11.03 km./sec. just below the inner
core boundary, and 11.32 km./sec. at the center of the earth.
3) Shear velocity in the crust was fixed at values
appropriate for oceanic, shield, and tectonic regions.
Shear velocities immediately below the M- discontinuity
were required to fall between 4.6-4.7 km./sec. for oceanic
and shield regions, and between 4.4 and 4.6 km./sec. for the
tectonic region. Shear velocity in the liquid outer core
was assumed to be zero. A priori bounds at all other depths
were found to be outside the Stage I envelope, and conse-
quently did not affect the results.
4) Density in the crust was fixed at values appro-
priate for each region. In the lower mantle, the density
gradient was allowed to vary between bounds consistent with
I~P~IILIII-~LI
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geophysically reasonable temperature gradients and composi-
tional changes. As discussed before, the density in both
the outer core and the inner core were required to satisfy
the Adams-Williamson equation with a discontinuity permitted
at the inner core boundary. The mass of the earth was
27
required to be 5.976x027 grams, and the moment of inertia
44 2
was taken to be 8.024x10 grams cm . The mass constraint
was applied independently to each of the three regions, while




IV. Discussion of Results
The values defining the envelope of possible solutions
are given in Table 2. The Stage I envelope (solid line) and
the Stage II envelope (Dashed line) for the three regions in
the upper mantle are shown for shear velocity and density in
figures 1 and 2 respectively. The stage I envelope for all
parameters below a depth of 650 km is shown for shear velocity
in figure 3 and for density infigures 4 and 5. All extremal
models resulting from both Stage I and Stage II are given in
table 3. Models associated with regional parameters are in-
cluded with the upper mantle structure appropriate to that
region, while all other extremal models are shown with their
average upper mantle parameters. In addition, all models are
numbered sequentially and are divided among seven groups for
reference purposes. For example, the group referred to as
"Oceanic Mantle/II" contains Stage II extremal models associated
with parameters minimized or maximized in the oceanic region
of the upper mantle. All models not associate with regionalized
parameters fall into a group labelled "Average Mantle Models".
These seven groups are graphed in figures 6 - 12 and organized
in table 3 as follows:
1) Oceanic Mantle/I, Models 1 - 10, Figure 6
2) Shield Mantle/I, Models 11 - 20, Figure 7
3) Tectonic Mantle/I, Models 21 - 30, Figure 8
4) Average Mantle, Models 31 - 58, Figure 9
30.
5) Oceanic Mantle/II, Models 59 - 68, Figure 10
6) Shield Mantle/II, Models 69 - 78, Figure 11
7) Tectonic Mantle/II, Models 79 - 88, Figure 12.
Oceanic upper mantle (Moho - 621 km). Both the Stage
I and Stage II envelopes shown in Figure 1 require the ex-
istence of a very pronounced low velocity channel in the upper
mantle below oceans. The Stage II results indicate a decrease
in shear velocity at the top of the low velocity zone of about
6.0% - 9.0%. Shear velocities within this channel fall within
the range 4.26 - 4.37 km/sec. According to Spetzler and
Anderson (1968) and Anderson, Sammis and Jordan (1971)
velocities in this range could be adequately attributed to a
1.0% melt if partial melting is confined to grain boundaries.
Birch (1969) has shown that even for the unlikely case of
spherical liquid inclusions, the amount of partial melting need
be no higher than about 6%. For both Stage I and Stage II,
shear velocity remains quite low down to a depth of about
400 km when compared to velocities above the low velocity zone.
Density in the depth range from the Moho to 400 km is
not particularly well constrained by the results of Stage I even
though it was varied as a constant over this entire interval.
With the inclusion of group velocities during Stage II a
considerable narrowing of the density envelope is apparent with
densities confined to higher values in the range 3.37 - 3.53
grams/cm3 . It should be remembered that these refer to average
values for the range 100-370 km. Clark and Ringwood's (1964)
models for eclogite and pyrolite have been superimposed in
figure 2 for comparison.
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Shield upper mantle (Moho - 621 km). Because re-
gionalized data for shield regions are less accurately known
than that for oceanic regions, the width of the envelope of
possible solutions is correspondingly greater for both density
and shear velocity. Both the Stage I and the Stage II en-
velopes shown in figure 2 indicate the possibility of a low
velocity channel, but do not uniquely require its existence.
The Stage II envelope tends to somewhat higher values for
shear velocity in the depth range 100 - 400 km than that for
the oceanic region.
Density beneath shields is also poorly controlled
during Stage I. The Stage II results shown in Figure 2
indicate currently available group velocities for shields are
for this region no more constraining than phase velocity with
respect to density.
Tectonic upper mantle (Moho - 621 km). As with shield
regions, the data for tectonic regions are not precise and
the resulting Stage I envelope is rather wide. Figure 1 shows
that the Stage I results require a low velocity zone. A sur-
prising feature in this region is the rather high velocities
in the depth range 200 - 400 km. For many extremal models
the shear velocity gradient usually associate with the olivine-
spinel phase transformation was essentially absent. Despite
the weakness of the data one might speculate that this indicates
that phase changes normally in the transition zone have mi-
grated to shallower depths in tectonic regions, perhaps occuring
Lt LI
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within subducted slabs. The narrowness of the Stage II
bounds shown in figures 1 and 2 is most likely caused by
incompatibility between the phase velocity data used in
Stage 1 and the group velocity data of Stage II. Dziewonski
(1971a) mentioned this possibility. The cause of this is
likely the problem discussed previously of refraction and
complex interference patterns on the earth's surface.
Lower mantle (621 - Core). The Stage I envelope for
this depth range is shown for shear velocity in figure 3,
and for density in figure 4. In figure 3 the shear velocity
distributions in the lower mantle, SLUTD1 and SLUTD2, obtained
by Hales and Robert's (1970) using body wave travel times are
superimposed for comparison. The excellent agreement be-
tween their results and the Stage I envelope which was de-
termined independently of travel times represents an important
confirmation of the mutual consistency of these two bodies
of data, and emphasizes the resolving power of higher mode
data.
The density envelope in figure 4 shows that density
velues in the lower mantle were constrained to variations of
about 3.0%. The Monte-Carlo envelope obtained by Press
(1970b) using periods of fundamental modes and the first two
overtones is also shown. The affect of periods for higher
overtones in the current study is evidenced by the signifi-
cantly enhanced control over density in the lower mantle.
Density near the mantle core boundary tends to be slightly
33.
higher than the Monte Carlo results, though there is con-
siderable overlap at all depths.
Compressional velocity, shear velocity, and the bulk
sound velocity for Oceanic mantle/II models are graphed
against density in figures 13, 14 and 15 for the entire
mantle. Superimposed are Chung's (1971)
theoretical-empirical curves which should be representative
of ferro-magnesium silicates of various atomic weights.
Each figure shows an apparent increase in mean atomic weight
of about 1 a.m.u. occurring near the lower part of the trans-
ition zone. This increase has also been noted by Press (1970a,
1970b), and by Anderson and Jordan (1970) who suggested iron
enrichment of the lower mantle as the cause.
The bulk sound velocity of the "Average Mantle" models
of Stage I is graphed as a function of density in figure 16.
Since compressional velocity was fixed in the lower mantle,
minimum or maximum values of shear velocity correspond to
maximum or minimum possible values of bulk sound velocity.
The adiabatic curves for twin sisters dunite (M = 20.9) and
fayalite (M = 29.1) obtained by Wang (1968) using shock wave
data have been superimposed. The mean atomic weight in the
lower mantle seems to be about 22.5. Not much can be said
about variations within the lower mantle, though a non-unique
tendency toward increasing iron content with depth may be
noted. The Monte Carlo envelope of Press (1970b) has also
been included in figure 15.
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Again the augmented control made possible by the use of
overtone data is apparent.
Outer Core. The allowable variation in the radius
of the core was found to be 3481.4 +5.0 kilometers. Dziewonski
and Gilbert (1972 ) using essentially the same overtone data
reported a core radius of 3482.0 km. Our results are also
in rather close agreement with the values obtained by Hales
and Roberts (1970) using ovservations of the travel time
difference TScS - TS. They reported a core radius of 3489.92
+4.66 km for SLUTD1 and 3486.10 +4.59 km for SLUTD2. Tag-
gart and Engdahl found the radius to be 3477.0 + 2.0 km '
using travel times of PcP . Again it can be noted that free
oscillation results are entirely consistent with the results
of body wave studies.
Figure 5 shows that density in the outer core is con-
fined to the rather narrow range of 9.79 - 9.88 grams/cm3 just
below the mantle-core boundary. Density is graphed as a
function of pressure for Stage I "Average Mantle" models in
figure 16 with theoretical curves for iron, nickel, and iron
+19.8 wt% silicon superimposed. If silicon is the "lightening"
element, then these results are consistent with a mixture of
iron and 10 - 15 wt% silicon.
Inner Core. Density in the inner core, as shown in
figure 5, were not well controlled by the data used in this
study. Density values near the inner core boundary ranged
between 12.23 and 13.07 grams/cm 3. Surprisingly, the density
35.
step at the inner core boundary was required to be less than
1.0 gram/cc.
The unique requirement for a rigid inner core in order
to satisfy the recently available periods for those overtones
which have a large fraction of their energy in the inner core
has been discussed by Dziewonski and Gilbert (1971, 1972).
They reported a value of shear velocity of 3.534 km/sec.
This is in close agreement with the range 3.36 to
3.52 km/sec obtained in Stage I of this study assuming
somewhat greater inner core radius. Using dT/d4 obser-
vations for an event identified as a possible PKJKP arrival,
Julian, Davies and Sheppard (1972) reported shear velocities
in the inner core of 2.95+.0 km/sec. This disagreement with
body wave results is surprising and requires further study.
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FIGURES
Figure 1 - Stage I (solid lines) and Stage II (dashed lines)
upper mantle shear velocity envelope for oceanic,
shield, and tectonic regions.
Figure 2 - Stage I (solid lines) and Stage II (dashed lines)
upper mantle density envelope for oceanic, shield,
and tectonic regions. The Clark and Ringwood
(1954) models for pyrolite and eclogite.
Figure 3 - Lower mantle shear velocity envelope (solid
lines) compared with the models SLUTD 1 and SLUTD
2 (dashed lines) of Hales and Roberts (1970).
Figure 4 - Lower mantle density envelope (solid lines)
compared with the Monte Carlo envelope (dashed
lines) of Press (1970b).
Figure 5 - Core density envelope (solid lines) compared
with Monte Carlo envelope (dashed lines) of Press
(1970b).
Figure 6 - 10 Stage I oceanic extremal models (Models
1-10 of Table 3).
Figure 7 - 10 Stage I shield extremal models (Models 11-
20 of Table 3).
Figure 8 - 10 Stage I tectonic extremal models (Models
21 - 30 of Table 3).
41.
Figure 9 - 28 All other Stage I extremal models (Models
31 - 58 of Table 3).
Figure 10 - 10 Stage II oceanic extremal models (Models
59 - 68 of Table 3)'.
Figure 11 - 10 Stage II shield extremal models (Models
69 - 78 of Table 3).
Figure 12 - 10 Stage II tectonic extremal models (Models
79 - 88 of Table 3).
Figure 13 - Compressional velocity vs density for the 10
Stage II oceanic extremal models compared with the
empirical - theoretical results (dashed lines) of
Chung (1971) for ferro-magnesium silicates of
various mean atomic weights.
Figure 14 - Shear velocity vs density for the 10 Stage II
oceanic extremal models compared with the empirical-
theoretical results (dashed lines) of Chung (1971)
for ferro-magnesium silicates of various mean
atomic weights.
Figure 15 - Bulk sound velocity vs density for the 10 Stage
II oceanic extremal models compared with the
empirical - theoretical results (dashed lines) of
Chung (1971) for ferro-magnesium silicates of
various mean atomic weights.
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Figure 16 - Bulk sound velocity of the 28 average mantle
Stage I extremal models compared with Wang's (1968)
shock wave results (heavy dashed lines) for twin
sisters dunite (m = 20.9) and Fayalite (m = 29.1).
Figure 17 - Density vs pressure in the core for the 28
average mantle Stage I extremal models compared
with theoretical values (dashed lines) for iron,
nickel, and iron + 19.8% wt. silicon.
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TABLE 1
Periods and allowed errors of the free
oscillation data are used in this study. The suffixes
"o", "s", and "t" refer to periods regionalized for

































































































































































































































































































































Envelope of possible solutions including both
Stage I and Stage II results. In the "Parameter" column
"B" stands for shear velocity, "R" stands for density, and
"RAD" is the radius of the core. The suffixes "o", "s",
and "t" are used to indicate regional variables in the




















































































































































Stage I and Stage II extremal models. N is the
layer number, DEPTH is the depth of that layer in km.,
RADIUS is the radius in km. , VP is the compressional
velocity in km./sec., VS is the shear velocity in km./sec.,
RHO is the density in grams/cc, K is the bulk modulous in
1012 dynes/cm.2, MU is the rigidity in 1012 dynes/cm.2
K/MU is the ratio of bulk modulous to rigidity, PHI is
the seismic parameter in km. 2/sec. 2 , C is the bulk sound
velocity (square root of PHI) in km./sec., and P is the
pressure in millibars.
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This section is intended as a brief, rather intuitive
introduction to the method of linear programming. The
discussion and short sample problem following should pro-
vide a basic understanding of the mechanics of the method
as well as some feeling for the sort of problems to which
it might be applied. Since excellent application level
linear programming packages exist on most medium to large
scale computer systems, this discussion should be sufficient
for our purposes. A mathematically precise development of
the assertions following as well as a theoretical justifi-
cation of the geometric analog used below is given by
Dantzig (1963).
Linear programming was developed primarily within
the field of economics to examine solutions to systems of
linear equations and inequalities. Generally a linear
programming problem is composed of four parts. These are
1) a set of N initially independent variables, 2) a priori
bounds on these variables, 3) a set of constraints in the
form of linear equations and inequalities, and 4) a linear
function, called the objective function, which is to be
minimized subject to these constraints. The variables
can be thought of as defining an N-dimensional cartesian
coordinate system. The a priori bounds are generally optional
---I-; a---~------*il I C LVIX.-I 1~- 1-^11*--- ^- ii~ p~~L-- -*LL-II~XIP~^
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and are assummed infinite if absent. Some linear pro-
gramming systems require all variables to be positive.
In any case, if upper and lower bounds are provided for all
variables, the result is a parallelpiped in N dimensions.
Only points within this region are considered as possible
solutions.
The linear inequality constraints can be expressed
in the form
N =
Zanjxn {}b , (I.1)
n=l n
where X is the nth variable and any one of the bracketedn
relations may pertain. Typically, constraints are obtained
from imprecise observations of some physical parameter
such that its value is known within some tolerance, e.g.
the standard deviation. In this case two constraints
N
E a .x > b. - a. , and (I.2a)
n=l nj n- 3 3
N
Sa .x < b. + O. (I.2b)
n=l nj n- J
would result from each data value, where o. is the standard
error of the jth observable. The a priori bounds could
be considered to be of the above form with all coefficients
_-~n~l~~Li~LI-- -~I il. - -ly~..~~ ~-XI PLI~-I YI*~-*CIUU *U)
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but one set to zero. Each imprecise observable restricts
possible solutions to the space sandwiched between the
planes defined by the equations:
N
Ea .x = b. - a. (I.3a)
n=l n] n 3 3n=1
N
Sa .njx = b. + (I.3b)
n=1 j.
The region of space containing points satisfying all of the
constraints will be the intersection of all of these sand-
wiched regions and the parallelpiped representing the a priori
variable bounds. This intersection will be referred to as
the solution region. The solution region does not exist if any
of the constraints are inconsistent. Otherwise the set of
solution points can be thought of as being contained within
an N-M dimensional polyhedron, where M is the number of
linearly independent equality constraints. The faces of the
polyhedron are the "planes" defined by the equations I.3a &
I3b, and the vertices are the intersection of M-N of these
equations. This polyhedron is convex in the sense that
all points lying on a line joining any two interior points
also must lie within the polyhedron, and consequently must
also satisfy all of the constraints. As an extension of this
concept, all points obtained as a weighted average of points
within the polyhedron are also within the polyhedron. Speci-
fically, if Xk represents a point inside the polyhedron
~IU--.LIIX ~~-I~ L IIII-~IIPX.~ -Lprr*-U ~3 I~Y
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associated with a particular solution, then the point
expressed as the weighted average of any K points as
K K
w= E Ckxk , ck = 1.0
k=l k=l
is also a solution.
The objective function is the means by which questions
as to the nature and extent of the solution region can be
asked. It can be expressed as
N
z = Ec x . (1.4)
n=l
An interesting special case is obtained by considering ob-
jective functions in the form
+ (I.5)
- n .
Minimization of this function results in finding the minimum
(or maximum with minus sign) value of the nth variable consis-
tent with all constraints and a priori variable bounds.
Taking all 2N permutations of this form of the objective func-
tion results in finding the minimum and maximum possible values
for each variable subject to the constraints. This set of
values is often said to be the "envelope" of possible solutions.
Other questions that may be asked in the form of an objective
function are for example; "what is the greatest difference pos-
sible between two variables?", or "What is the greatest or
least value of a weighted average of variables."
The linear programming methods uses two procedures
in minimizing an objective function. First it systematically
159.
takes combinations of the constraints and calculates the in-
tersections which is also a vertex of the polyhedron. If a
vertex is already known, such as the solution for a preceeding
objective function, then this first step will be skipped.
After a vertex has been found, the linear programming method
applies the simplex algorithm, which can be thought of as a
method of steepest descent from vertex to vertex along the
edges of the polyhedron, until a vertex can be associated with
the minimum value for the objective function. It is always
true that the objective function is minimized at a vertex,
though points on edges, faces and other vertices may also give
the same minimum value. Most linear programming packages are
designed to indicate whether or not the point minimizing the
objective function is unique. In addition, many linear pro-
gramming systems print out the effect on the value of the ob-
jective function of changing any of the constraints. This is
expressed as a partial derivitive and is called either the
"dual activity" or the "slack activity". This
derivitive can be used to determine the upper limit for the
change to be expected in the objective function caused by any
single change in the data or assumptions.
Sample Problem. As a simple example consider a 2
dimensional problem with a priori bounds given as 3.0 < x< 7.0
and 3.0 < k < 8.0. These bounds define the solid rectangle
in figure I.1. The constraints are assumed to be -x + y = 1 +2,
-1
I _rxr- ~---l il- (I---I~.-~-~-~PI~- --- --*~PLIUlltl~~l~~
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3x - 4 = 5 + 7, and x + 3y = 21 +4. These constraints can be
written in the form of equations 2a and 2b as
-x + y > -1
-x + y< 3
3x - y> -2
3x - y< 12
x + 3y> 25
x + 3y< 17.
These six constraints are graphed in figure I.1 with tick marks
indicating on which side solutions must lie. The shaded area
within the polygon ABCDEF represents the set of all possible
solutions to the above system of inequalities.
In order to find the point within the polygon having
the greatest x value (point D), the objective function is
taken to be 9 = -X. If point A represents the solution for a
previous objective function, than starting with point A the
linear programming procedure, using a process analogous to the
method of steepest descent called the simplex algorith (Dantzig,
196 3), moves from vertex to vertex taking steps A - B, B - C,
and C - D, finally arriving at a minimum for the objective
function at point D.
Note that point D also minimizes all other objective func-
tion of the form 9 = mx +y, as long as -1/3_< m < 3. In ad-
dition, the objective function 0 = X, is minimized by points
A and F as well as all points on the line joining them. The
envelope of possible solutions that would be obtained for this
problem are shown as a dashed rectangle in figure I.1.
--l~~-iL-- Il--.~~LIIII~I^ ..iX1 l~_il
SAMPLE L.P. PROBLEM
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The following discussion is concerned with the
details of implementation of the linear programming method
discussed previously on an I.B.M. System 370/155 computer.
A general knowledge of the I.B.M. Mathematical Programming
System (MPSX) will be assumed. A detailed description
of this system can be found in the I.B.M. manuals Introduction
to Mathematical Programming System Extended - MPSX (GH20-0849-1)
and Linear and Seperable Programming Description (SH20-0968-0).
The impementation details discussed in the following are
primarily suitable for a card oriented approach. Where
appropriate specific suggestions for performance improvement
and easier usage will be mentioned, but will not be discussed
in detail because of installation differences.
Program. The control deck listed in table II.1
was used for both Stage I and Stage II. It consists of
a set of commands describing the linear programming problem
and sets up a solution strategy to be used by the linear
programming package, MPSX. The control program's three
functions are to 1) generate a sequential series of objective
function IDs, "OBJ.nnn", beginning with "OBJ.001" to be
minimized by MPSX, 2) to request MPSX to minimize each
of these objective functions in turn, and 3) to print
and punch the results for each. The program terminates
upon generating an objective function ID that is not in the
163.
data set.
For large scale usage the "PROBLEM FILE" generated
by the command "CONVERT" can be maintained on a direct access
device to save input costs. If this is done a basis
(successful model) can be saved and used as a starting
point for each successive run using the commands "SAVE"
and "RESTORE". This eliminates the time consuming process
of finding an initial feasible solution. Another advantage
to this approach is that modifications to the input such
as changing the objective functions can be made directly
to the "PROBLEM FILE" using the "REVISE" command with an
input data set containing only the required changes.
Stage I Input. The input data set used in Stage I
is given in table 11.2. It contains all of the information
necessary to define the linear inverse problem in a form
suitable for input to MPSX. This includes the coefficients
and constants defining the linear constraints such as the
linear expansions associated with the free oscillation data,
the observational errors in the data, the coefficients of any
objective functions included, and the a priori variable
bounds. The input data set is divided into 5 sections
titled "ROWS", "COLUMNS", "RHS", "RANGES", and "BOUNDS".
The "ROWS" section is used to assign an 8 character
label and a type to each constraint included in the problem.
A single letter preceeding the label is given a "G"
for inequality constraints, "E" for equalities such as mass
164.
or moment of inertia, and "N" for non-constraining linear
functions such as the objective functions. The first two
constraints in the "ROWS" section prevent a density reversal
at 696. kilometers for tectonic and shield regions. This
was not needed for the oceanic models since the data constrained
the models so that a reversal could not occur. Labels of the
form "R.mm.nn" refer to inequality constraints enforcing a
nearly homogeneous, adiabatic density gradient between the
layers "mm" and "nn" (as given in table 3) in the lower mantle.
The labels of the form "T.nTm" or "T.nSm" refer to the in-
equalities associated with free oscillation modes nT or n m
The suffixes "O", "S", and "T" indicate regionalized periods
for oceanic, shield, and tectonic regions respectively. Ob-
jective functions must be labelled in the form "OBJ.nnn"
where "nnn" is a sequential number beginning with "001".
The "COLUMNS" section assigns a label to each variable
and gives values for the coefficeints of all constraints
including the objective functions. For computational ac-
curacy some of the constraints were normalized by division
by a power of ten. For mass and moment of inertia this factor
was 1027 and 1044 respectively. A factor of 10. was used for
0S0' 3S0' 4S0' 4S4' 4 S5 , 4S6, and 4S7. A factor of 1000. was
used for 0S2' 0S3' 1Sl and 1S2 . All other constraints associ-
ated with free oscillation of surface wave data were divided
by 100. This normalization procedure also effects the values
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given in the "RHS" and "RANGES" sections. The variable
labels in the left-most column of the "COLUMNS" section
have been encoded with respect to parameter type, layer
number (from table 3), and regionalization. The first letter
of the variable label is "A", "B", or "R" for compressional
velocity, shear velocity, and density respectively. The
suffixes "O", "S", and "T" refer to oceanic, shield and
tectonic regions for variables above 650 km. (n less than 34).
The variable labelled "RADIUS" refers to the radius of the
core. The signed values in columns 3 & 5 of the "COLUMNS"
section are the coefficients of the variables in column 1
for the constraints indicated by the labels in columns 2
and 4 respectively. For free oscillation constraints
these are simply the partial derivatives of equations 5a
and 5b normalized as discussed above. For example, the
first entry in the "COLUMNS" section of table 1I.2 (line
S-I0122) indicates that the partial derivative of the
period of the mode 0S0 with respect to variations in shear
velocity at a depth of 10 kilometers in the mantle is
-.01041 x 10 or -.10410. A value of +1. or -1. is used
for objective functions depending upon whether a minimum
or maximum possible value for a particular parameter is
being sought. In line S-I0196 of table 11.2 the objective
function "OBJ.001" has been set up to find the minimum
shear velocity in the low velocity zone beneath oceans.
~~II~______ i~ _ (i~ C
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The "RHS" section beginning on line S-I1701 gives
the normalized values of the right hand side of equation
5a. Terms corresponding to fixed parameters were included
in this value. The label "MINIMUM" is a vector name used
for reference purposes in the MPSX control program discussed
previously.
The values given in the "RANGES" section beginning
at line S-I1755 is twice the obsevational error divided
by the normalization factor for each inequality constraint.
"SIGMA" is a vector label for programmatic reference.
The "BOUNDS" section beginning on line S-I1807
contains the a priori bounds for each variable. The two
character code on the left is specified as "LO" for lower
bounds and as "UP" for upper bounds. "LIMITS" is a vector
label for programmatic reference.
After minimizing each objective function, the
resulting parameter values are punched on cards and both
the parameter values and the constraint values are printed
out. The printed results can be converted to an earth model
by inserting each parameter value into the appropriate
model structure given in Table 3. A simple program can be
written to do these insertions from the punched results.
The actual values associated with a particular constraint
(e.g. the period of a free oscillation mode in seconds)
required in Stage II can be calculated from the printed output
167.
and the values given in Table 1. The printed output also
gives in a column headed "SLACK-ACTIVITY" the difference
between the value for a linear constraint calculated at
the solution and the lower limit given in the "RHS" section.
If this "SLACK ACTIVITY" is multiplied by the normalization
factor and then added to the period minus the standard
deviation for the associated mode given in Table 1, the
result is the period for that mode in seconds calculated
at the solution. This process can be facilitated by using
a "READCOMM" subroutine to punch values of the "SLACK ACTIVITY"
for each objective function. A subsequent program can be
written to convert these punched values into a form suit-
able for input to Stage II.
The following method can be used to change the observed
periods and errors of the free oscillation data used in
Stage I. If RHS i and RANGESi are associated with the ith
free oscillation period, then the new values resulting from
changing the observational data from a period of T. with error1
e. to T! and e! can be written1 1 1
(T!-T.-e!+e.)1 1 1 1RHS = RHSi F.i F.
2e'RANGES. = i
F.
where F. is the normalization factor.1
1_ 1~~~__1_~___1_  1 _
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Stage II Input. The structure of the Stage II
input data set is so nearly the same as that of Stage I
that a brief discussion of the differences should be sufficient.
As discussed previously, Stage II is conducted independently
for each of the three regions of the upper mantle. For each
region the variables are the 10 coefficients of a weighted
average of the extremal models for that region found in
Stage I. Each constraint and each a priori variable
bound of Stage I becomes a constraint of Stage II. The
equality constraints are replaced by the single condition
that the sum of the weighting coefficients be 1. The
"ROWS" section contains an entry for each Stage I inequality,
an entry for each introduced group velocity constraint, an
entry for each Stage I a priori variable bound, and entry
for the sum of the weighting coefficients, and an entry
for each objective function in the form "OBJ.nnn". The
values in the "COLUMNS" section are now the constant coef-
ficients in equations 6 and 7. These coefficients are
the variable values and constraint values (e.g. free oscil-
lation periods) from Stage I. The coefficients for the regional
group velocity constraints introduced in Stage II are simply
the values of group velocity for each mode calculated for
each of the Stage I extremal models for the particular region.
This calculation must be done in an external program.
The lower limits specified in the "RHS" section is either
the a priori lower bound from Stage I for variables or the
169.
observed periods less the observational error obtained
from Table 1 for free oscillation constraints. The "RANGES"
section contains the differences between the a priori
upper bounds and lower bounds from the Stage 1 input for
variable constraints or twice the observational error for
free oscillation constraints. The upper and lower bounds in
the "BOUNDS" section are set to the values -.3 and 1.2.
The control program is the same as that used in Stage I.
170.
Table II.1
Stage I and Stage II MPSX Control Program.
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